Homework #2
Solutions

1. For the two 10-particle two-state systems described in lecture, suppose the total energy to be
shared between the two objects is E = Ex + Eg = 4. What is the distribution of energies that

gives the highest multiplicity?

Solution:

We can write

10! 10!

The possibilities are

E|W(E)
0 210
1| 1200
21 2025
3 1200
4 210

Thus, the highest multiplicity occurs , in this case, when the energy is divided equally between

the two objects.



2. For a simple one-component system, the 1** Law of Thermodynamics can be written

dE = TdS — pdV

using what you know from thermodynamics (i.e. what you learned in PChem class) show

J0E dp
59, -7, -~
vy aT/,

Solution:
The total differential
dE = TdS —pdV

implies that the partial derivative (0E /dV) is given by

<6E) _ T(@S)
av), ~ "\av),” P

Substituting the Maxwell relation

), - G,

into the equation for (0E /dV )y yields

J0E dp
), = 7Gr), 7
av)r aT/y

which is rearranged to obtain

G7), - (7, =
), ar), ~ P



3. One can obtain an analogous expression from statistical mechanics

o(E) ap)\
<W>ﬁ+ﬁ (%) = -

14

where (E) is the average energy and (p) is the average pressure using the probability
distribution function P; =e #fi/Qand Q = ¥ j e BEi. To derive the above expression first
obtain expressions for (E') and (p). Note that for each state j

JE;
= \av
T

Differentiate the expression for (E') with respect to V (keeping S fixed) to obtain

<6(E)

W>ﬁ — () + B(Ep) — B(E)p)

Similarly, one can differentiate (p) with respect to 8 (keeping V fixed) to obtain

ap)\ _
(W)/ = (EXp) — (Ep)

Verify these last two expressions and combine them to obtain the top expression.

Solution:

Begin with the equations for the average energy (E)

YiEe PEi

(E) = ————
Q
the average pressure (p)
0E;
. Z_<_l) e ~PEi
oy = e T AV

Q

and the average of the product of energy and pressure (Ep)



JE; —BE:
2i—E; (a—Vl) e PEi
B
Q

(Ep) =

Next we take the partial derivative of (E') with respect to V at constant 3

(), - (9] o 25

which simplifies to

(), = -5 D
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then to

(), - (Zreal), ) » 33, (8,

1 0E;
R —BE;
0 E‘B<av> e
then to
JE; _BE; JE; _BE;
(E) 2i (W) B [ 2i <6V) e "
(), - [
v ), Q Q Q
Jp— % _ﬁEl
. Bl[zl El<6V>Be ]
]
and finally to

BN _ _op
(W>p = —B(EXp) — (p) + B(Ep)



Next we take the partial derivative of (p) with respect to B at constant V

(), - () Zpem - 50257)

which simplifies to

(5), = (55, Zoer+ G2 (57),

In order to simplify this expression further we note that E; = E;(N,V) is independent of B and

), = w-@),), = #l-G),), =

Thus,

57), - 2 5 J 2]« (20 (5

which simplifies to

(), - 3 ZrelBpe] [ ene

(@) _ IZiEie_ﬁEil IZiPie_BE"l B [ZiEl-pie‘BEil
op 14 - Q Q Q

aop)\
(W)/ = (EXp) — (Ep)

then to

and finally to

Combining the partial derivatives (9(E)/dV )z and £(0(p)/dB)y yields

o(E 9
<%> * ﬂ(@%) = [-B(EXp) — (p) + B(EP)] + BI(EXP) — (Ep)] = —(p)
B v



4. Explain how one can use the results of problems 2 and 3 to show that 8 o« 1/T.

Solution:

Compare the equations derived in problem 1

57), - 7 (), =
V), ar), ~ P

d(E )> <a(p)>
=) + 855 = -0
< oV p B .
If we assume E = (E) and p = (p) then we rewrite the second equation as

), + #G), =

14

and problem 2

Now the discrepancy between the two equations is in the second term and for the two equations

to be equal
0 0
oT/y B/,

the partial derivative

(59), = (57, Go)

Thus,

-7(G7), = #Go), - ), )

and

which yields the differential equation



Since f = [(T) a general solution to this equation has the form
1
T) x =
BT o
and the formal solution is

1
() = =

5. Show that the Boltzmann distribution can be used to determine the relative population (to the

ground state population n,) such that

n:
_l — e_IBEi

Ny

Solution:

The probability of being in the state with energy E; is given by

e
Pi SV oe s N
If we assume the state E, = 0 then
e_.BEi
n N E; _
b _ N jzoeﬁ]— eﬁEl—e—ﬁEi
Po - Ny e—BEo " e—BEo
N y=oe_ﬁE]
and we have
& — e_ﬁEl



6. One can derive the Gibbs entropy formula using the Boltzmann entropy formula, the average
energy obtained from the Boltzmann distribution function and both equations for the
Helmholtz free energy (i.e. A=E — TS and A = - kT InQ). Derive the formula

S = —k z PilnPi
i

Solution:
Begin with the equation for the Helmholtz free energy
A= FE—-TS

which can be solved for S

s=E_A_E KInQ - or i —kﬁZE‘f”Ei+kl
STTTTT T - kP ne =g 2k ne

We then rewrite this equation as

st R e s ane] - § R mer + oY)

and further simplify to obtain

S = Z [ BE;e PEi — e PEinQ] = ——Z “PE{[—BE; — InQ]

We rearrange this equation to obtain

k BEL e :BEL BEL
S= -5 e-ﬁEi1n< ) = —k z ( ) = —kZPlnP-
i




